Abstract. We prove that arbitrary pullbacks, as well as Betti andétale realisation functors, are t-exact for the constructible motivic t-structure on the category of cohomological 1-motives over a base scheme.
Introduction
This paper takes place in the context of triangulated categories of mixed motivic sheaves in the sense of Morel-Voevodsky, and is a follow-up to [11] . Let S be a finite dimensional noetherian excellent scheme S. In [11] , we constructed a candidate for the motivic t-structure on the triangulated category DA 1 (S) of cohomological 1-motives with rational coefficients over a noetherian finite-dimensional scheme S. In this note, we prove (under a mild hypothesis on S) that pullbacks along arbitrary morphisms are t-exact (4.1 (iii)), and that Betti andétale realisation functors are t-exact if the target categories of realisation functors are equipped with their standard t-structure (Theorem 4.1 (iii) (iv) (v)). Along the way, we prove that the t-structure on DA 1 (S) restricts to the category DA 1 c (S) of compact cohomological 1-motives (Theorem 4.1 (i)). Let MM 1 c (S) be the category of constructible cohomological 1-motives, that is, the heart of the restricted t-structure on DA 1 c (S). In the course of the proof of the results above, we show that, for any M ∈ MM 1 c (S), there exists a stratification of the base S by regular subschemes such that the restrictions of M to strata are Deligne 1-motives (Theorem 4.1 (ii)). Theorem 4.1 (i) has been obtained previously by V. Vaish in [13] . Vaish's approach relies on an elegant combination of the gluing procedure for t-structures of [4] and the "weight truncation" tstructures of [8] . He first gives an alternative construction of the functor ω c (k(s)) for all points s ∈ S (which exist by [3] ), and then uses gluing data of the form (j ! ⊣ j * ⊣ ω 1 j * , i * ⊣ i * ⊣ ω 1 i ! ) for j : U → S ← Z : i complementary open and closed immersions to glue together the t-structures on the DA on mixed motives. I have also had useful exchanges on the topic with Annette Huber, Florian Ivorra, Vaibhav Vaish and Johann Haas.
Conventions
All schemes are assumed to be finite dimensional, noetherian and excellent. Unless specified, smooth morphisms are assumed to be separated of finite type. The notation Sm/S denotes the category of all smooth S-schemes considered as a site with theétale topology.
Definition 2.1. We say that a scheme S allows resolution of singularities by alterations if for any separated S-scheme X of finite type and any nowhere dense closed subset Z ⊂ X, there is a projective alteration g : X ′′ → X with X ′ regular and such that g −1 (Z) is a strict normal crossing divisor.
The best result available in this direction is due to Temkin [12, Theorem 1.2.4]: any S which is of finite type over a quasi-excellent scheme of dimension ≤ 3 allows resolution of singularities by alterations.
Recollections on 1-motives
For the comfort of the reader, we review some definitions and results from [11] . Let S be a scheme. The category DA(S) := DAé t (S, Q) is the triangulated category of rationalétale motives coming from the stable homotopical 2-functor DAé
Definition 3.1. The category DA coh (S) of cohomological motives is the localising subcategory of DA(S) generated by {f * Q X | f : X → S proper morphism}.
The category DA 1 (S) of cohomological 1-motives is the localising subcategory of DA(S) generated by {f * Q X | f : X → S proper morphism of relative dimension ≤ 1}. We recall the definition of Deligne 1-motives. Definition 3.4. Let S be a scheme. A 2-term complex of commutative S-group schemes:
is called a Deligne 1-motive over S if L is a lattice and G is a semi-abelian scheme. We denote by M 1 (S) the category of Deligne 1-motives with rational coefficients (i.e., the idempotent completion of the category whose morphisms groups are morphism groups of Deligne 1-motives tensored with Q).
Recall that sets of isomorphism classes of compact objects freely generate t-structures in compactly generated triangulated categories [1, Lemme 2.1.69, Proposition 2.1.70].
Definition 3.5. The motivic t-structure t 1 MM (S) on DA 1 (S) is the t-structure generated by the family
of compact objects.
Let (T , T ≥0 , T <0 ) be a triangulated category with a t-structure, written with the homological convention. In [11] we used the terminology "t-positive" for objects in T ≥0 and "t-negative" for objects in T ≤0 ; we adopt here the more correct english usage of "t-non-negative" for objects in T ≥0 and "t-non-positive" for objects in T ≤0 .
The main properties of t 
For the theory over an imperfect field, we have the following results which complements the treatment in [11] . Proposition 3.6. Let k be a field and l/k be a purely inseparable field extension. Then the base change functor
is an equivalence of categories.
Proof. Let us first prove that this functor is fully faithful. Even though M 1 (k) is defined as an idempotent completion, it is clearly enough to prove full faithfulness before passing to the
The base change functor from group schemes over k to group schemes over l is faithful. This concludes the proof of faithfulness.
Since the category of lattices only depends on the smallétale site ké t and ké t ≃ lé t , we have
with C k the category of smooth commutative k-group up to isogeny in the sense of loc.cit. Since semiabelian varieties over any field are divisible, this implies by [5, Proposition 3.6 ] that
We can now prove fullness.
Because the base change for group schemes from k to l is faithful, we can check this over l, where it follows from the fact that f is a morphism. This concludes the proof of fullness.
We prove essential surjectivity. Let M ∈ M 1 (l). By full-faithfulness, we can ignore the idempotent completion and assume that M = [L u → G]. By etale descent and semi-simplicity of lattices up to isogeny, we can assume furthermore that L ≃ Z r is split. By a finite generation argument (note that L is not finitely presented as a scheme, but it is as a group scheme), we see that M comes from a finitely generated (hence finite since it is purely inseparable) subextension of l. Hence we assume that l is finite over k, say l q ⊂ k with q = p N is a large enough power of p. There is a lattice 
into a pre-image of M. This concludes the proof. Proposition 3.7. Over a field k, the t-structure restricts to compact objects and the functor
Proof. This follows from [11, Proposition 4 .20] combined with Proposition 3.6.
In the same vein, here is a result implicit in [11] which we make explicit for later reference.
Proof. For such a morphism,
is an equivalence by [1, Corollaire 2.1.164]. Since f is finite, the functor f * sends DA 1 (S) to DA 1 (T ), so that f * induces an equivalence between DA 1 (S) and DA 1 (T ). Finally, the t-exactness follows from f * ≃ f ! and [11, Proposition 4.14].
Constructible 1-motives
Here is the main theorem of this paper. 
S) if and only if there exists a locally closed stratification
with M α a Deligne 1-motive on S α . Moreover, we can assume the S α to be regular.
-exact (with respect to the restricted t-structures from point (i)). (iv) Let ℓ be a prime number invertible on S. Then the functor R
obtained by restricting the rational ℓ-adic realisation functor from [2, Definition 9.6] is texact for the motivic t-structure of (i) on the source and the standard t-structure on the target. (v) Assume that S is a k-scheme with k a field of characteristic 0 admitting an embedding
) is t-exact for the motivic t-structure of (i) on the source and the standard t-structure on the target.
(vi) Statements (ii)-(v) also hold for homological 1-motives DA 1 (−) (resp. for 0-motives DA 0 (−)) provided one replaces M(−1) by M (resp. by F with F a locally free sheaf of Q-vector spaces) in (ii) (cf. [11] for the relevant definitions for homological 1-motives and 0-motives).
Proof. First, a word of caution about notation. Since we do not know yet that t 1 MM (S) restricts to compact objects, we refrain from using the notation MM 1 c (S) and always write MM 1 (S)∩DA 1 (S) c for the compact objects in the heart. First reductions: We first prove the "if" direction of Statement (ii). This is an immediate consequence of the following lemma. 
Proof. We prove this statement by induction on the dimension of S. The result clearly holds in dimension 0. Let S be a scheme of dimension ≤ d, and M ∈ DA 1 c (S). Let {S α } be a stratification of S as in the statement. Write U for the union of the open strata, and Z for the complement, equipped with the reduced scheme structure (i.e. the union of all the other strata). Write j : U → S for the open immersion and i : Z → S for the complementary closed immersion. Then Z is of dimension < d. We see that i * M satisfies the same hypothesis, with the restricted stratification (since the pullback of a Deligne 1-motive is a Deligne 1-motive, [ 
We introduce the following claim which depends on an integer d ∈ N. 
with M α a Deligne 1-motive on S α .
Clearly, the statements (Str d ) for all d are equivalent to the combination of (i) and (ii). We will prove (Str d ) by induction on d. Before we proceed to do so, let us show that (i) and (ii) imply all the other claims of Theorem 4.1.
We show (iv) and (v) assuming (i) and (ii). The argument is the same in both cases, so we only present the ℓ-adic case. By [11, Corollary 4 .28], the motivic t-structure on DA 1 c (S) is bounded, so that to prove t-exactness it is enough to show that an object in the heart
. Assuming (ii), there exists a locally closed stratification (S α ) of S red such that for all α, if i α : S α → S is the natural immersion, we have
with M α a Deligne 1-motive on S α . By gluing and exactness of pullbacks for ℓ-adic sheaves, it is enough to show that for any α, the object i *
is a constructible ℓ-adic sheaf. This fact is established in the proof of [11, Proposition 4 .15].
We show (iii) assuming (i) and (ii). This follows from the slightly more precise lemma, which will also be used in the induction below. 
S). So it is enough to prove that
, there exists a stratification {S α } of S so that we have
with M α a Deligne 1-motive on S α . Consider the induced stratification T α := f −1 (S α ) of T , with i ′ α : T α → T and f α : T α → S α . The T α are not necessarily regular, but this does not matter for the rest of the argument. By [11, Corollary 2.14], we have i
. This concludes the proof.
Reduction to the degeneration of Deligne 1-motives:
All that remains is to establish (Str d ) by induction on d ≥ 0. Let us verify the case d = 0. We can clearly assume S to be reduced, and then by considering connected components, the result follows from Proposition 3.7.
We now assume d ≥ 1 and that (Str d−1 ) holds. Let S be a scheme of dimension ≤ d. By Lemma 3.8 we can assume that S is reduced.
To prove that t 
The idea is to describe f over a dense open of S in terms of Deligne 1-motives and to try to degenerate it to the boundary and apply the induction hypothesis. Let us first describe A and B generically.
Let η be the scheme of generic points of S, i.e., a disjoint union of spectra of fields. Let us show that η * A lies in MM 1 (η) ∩ DA 1 c (S). The functor η * is t-non-negative by Proposition [11, Proposition 4.14] (where no finite type hypothesis is required). Let us show that η * A is t-nonpositive. We have to show that for any P in a compact generating family of t 1) for M ′′ ∈ M 1 (V ) and P ≃ (η/V ) * Q. In particular, in both cases, Q is t-non-negative. We can then use continuity for DA c (−) to write
For such an intermediate open W , we see from [11, Proposition 4 .14] that (W/V ) * Q is t-nonnegative while (W/V ) * j * A is t-non-positive. This implies that every morphism group in the colimit vanishes, and completes the proof that η * A is in MM 1 (η) ∩ DA 1 c (η). Over η, which is a finite disjoint union of spectra of fields, thanks to Proposition 3.7, we understand completely the structure of compact objects in MM 1 (η). Namely, there exists a Deligne
The motive M η has three components Gr
We can write Gr W −1 M η as a direct factor of the Jacobian of a smooth projective geometrically connected curve C η of genus ≥ 2 with a rational point σ η ; that is, Gr 
We can also assume that U is regular, and that Gr W −1 M is a direct factor of the Jacobian of a smooth projective curve f : C → U with geometrically connected fibers which comes together with a section σ : U → C.
The same arguments apply verbatim for B, so that we can assume as well that j * B ≃ Σ ∞ N(−1) for N ∈ M 1 (U ) with Gr W −1 N a direct factor of the Jacobian of a smooth projective curve f : P → U with geometrically connected fibers which comes together with a section θ : U → P .
The functor Σ ∞ (−)(−1) :
is fully faithful by [11, Theorem 4 .30], so that we can identify the morphism j * f : j * A → j * B modulo the isomorphisms above with a morphism F : M → N. Applying continuity for M 1 (−) and DA c (−). Restricting U , we can also assume that the kernel K and cokernel Q of F in the abelian category M 1 (η) extend to Deligne 1-motives K, Q over U . Consider the morphism Σ ∞ F (−1). The cone of Cone(η
By continuity for DA(−), again by restricting U , we can assume there is a distiguished triangle
. This implies that the distinguished triangle
. Let us now prove that i * A and i * B lie in MM 1 (Z); it is enough to do so for i * A. By [11, Proposition 4.14], since A is t-non-negative, the motive i * A is t-non-negative. It remains to show it is t-non-positive. Applying ω 1 i * to the colocalisation triangle, we get
The functor ω 1 i ! is t-non-positive by [11, Proposition 4 .14], hence it is enough to show that ω 1 i * j * j * A is t-non-positive. We have seen that j * A is of the form Σ ∞ M. By Lemma 4.5 below, ω 1 i * j * j * A is t-non-positive, and we conclude that i * A lies in the heart as claimed.
We have proved that the outer terms in both those sequences are compact, and we deduce that H 1 (Cone(f )) and H 0 (Cone(f )) are compact. This completes the proof of (Sch d ), modulo Lemma 4.5 below. 
The end of the proof of 4.1 is thus entirely devoted to the proof of Lemma 4.5. Reduction to normal crossings via alterations and stable curves:
By localisation, we have a distinguished triangle
and the motive ω 1 i ! M is t-non-positive by [11, Proposition 4.14] . It is thus enough to prove that ω 1 i * j * M is t-non-positive. Using Lemma 3.8, we can assume that S is reduced. Let us show that we can in fact assume S to be integral. Let q : S → S be the normalisation morphism. Since U is assumed to be regular, q is an isomorphism above U . Consider the diagram of schemes with cartesian squares
By proper base change and [11, Proposition 3.3 (iii)], we have
The functor ω 1 π Z * is t-non-positive [11, Proposition 4.14]. So it is enough to prove Lemma 4.5 in the case S is integral.
We want to improve the geometric situation using alterations. Proof. The pair (C, σ) determines a U -point of the stack M g,1 of genus g stable curves with a section. By a standard argument using the existence and properness of the moduli stack M g,1 , there exists a projective alteration π 1 : S 1 → S (with S 1 again integral) such that, if we write U 1 = U × S S 1 , C 1 = C × S S 1 and so on, the pair (C 1 , σ 1 ) extends to a point (C 1 ,σ 1 ) ∈ M g,1 . Note that, by definition of M g,1 , such a curve still has geometrically connected fibers. In particular,σ 1 factors through the S 1 -smooth locusC sm 1 ofC 1 . By [6, Lemma 5.7] , by doing a further projective alteration of S 1 , we can also assume thatC 1 is quasi-split over S 1 in the sense of loc. cit., i.e., that on every fiber the singular points and the tangents to the singular points are rational.
The closed subset f 1 (Sing(C 1 )) is a proper closed subset sinceC 1 is generically smooth over a generically regular scheme S 1 . By resolution of singularities by alterations applied to the pair (S 1 , f 1 (Sing(C 1 ))), which is possible by hypothesis on S, there exists a projective alteration π 2 : S 2 → S 1 with S 2 integral and regular, and with D := π −1 2 (f 1 (Sing(C 1 ))) a strict normal crossings divisor. Put U 2 = U × S S 2 and so on. Then (C 2 ,σ 2 ) ∈ M g,1 (S 2 ) is still a quasi-split stable curve, which is moreover smooth outside of the strict normal crossings divisor D.
By [6, Proposition 5.11] , there exists a projective modification φ 3 :C 3 →C 2 which is an isomorphism outside of Sing(C 2 ) (so in particular overC sm 2 , and over S 2 \ D viaf 2 ), and such that C 3 is regular and the compositef 3 =f 2 • φ 3 :C 3 → S 2 is a projective semi-stable curve. Since φ 3 is an isomorphism onC sm 2 , the sectionσ 2 lifts to a sectionσ 3 : S 2 →C 3 off 3 . We now put S ′ = S 2 ,C ′ =C 3 ,f ′ =f 3 , andσ ′ =σ 3 . These satisfy all the requirements of the conclusion of the lemma. By the distinguished triangles associated to the weight filtration of M, we can treat each piece separately and assume that M is pure. As usual, the abelian variety case is the most complicated, and we give the argument only for that case. Degeneration of the Jacobian and conclusion of the proof of Lemma 4.5:
We assume M = Jac(C/V ). Let us fix some notation in the following diagram with cartesian squares.
By [11, Corollary 3 .20], the motive Σ ∞ Jac(C/U )(−1)[−1] is a direct factor of f * Q C [+1], via the section σ (we use the fact that C/U has geometrically connected fibers). More precisely, using the adjunction (σ * , σ * ) and f σ = id, we get a map 
